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The Hamiltonian formulation of λ-R theories of gravity is studied. In contrast to general relativity,
the constraint algebra of λ-R gravity forms a Lie algebra. By canonical transformations, we further
obtain the connection-dynamical formalism of the λ-R gravity theories with real su(2)-connections
as configuration variables. This formalism enable us to extend the scheme of non-perturbative loop
quantum gravity to the λ-R gravity. While the quantum kinematical framework is the same as that
for general relativity, the Hamiltonian constraint operator of loop quantum λ-R gravity can be well
defined in the diffeomorphism-invariant Hilbert space. Moreover, by introducing the non-rotational
dust for the deparametrization, a physical Hamiltonian operator with respect to the dust can be
defined and the physical states satisfying all the constraints are obtained.
PACS numbers: 04.60.Pp, 04.50.Kd
I. INTRODUCTION
It is well known that all the fundamental interactions
of the nature, except for gravity, can be described in the
framework of quantum field theory (QFT). Since grav-
ity is universally coupled to all the matter fields, the
quantum nature of matter field imply that gravity should
be also quantized. In addition, around the singularities
of the big bang and black holes interior, the space-time
curvature becomes divergent. Hence it is generally ex-
pected that general relativity (GR), as a classical theory,
is no longer valid there, and quantum physics should be
taken into account. If a quantum theory of gravity could
be available, the singularities would be smoothed out by
certain physically meaningful quantum description. Mo-
tivated by the above considerations, to realize the quan-
tization of gravity serves as one of the main driving forces
in theoretical physics in the past decades [1], and vari-
ous approaches have been pursued, including string/M-
Theory [2] and loop quantum gravity (LQG) [3–6].
As a background independent approach to quantize
GR, LQG has been widely investigated in the past
30 years [3–6]. It is remarkable that, as a non-
renormalizable theory, GR can be non-perturbatively
quantized by the loop quantization procedure. This
background-independent quantization method relies on
the key observation that classical GR can be cast into
the connection-dynamical formalism with the structure
group of SU(2). The LQG quantization method has been
successfully generalized to f(R) gravity [7, 8], scalar-
tensor gravity [9], and Weyl gravity [10].
The notion of time plays an important role in any
quantum gravity theories and on how to implement par-
ticular proposals in technical terms [11]. In the Hamil-
tonian framework of GR, one assumes that a Lorentzian
spacetime M is diffeomorphic to a product M = R ⊗ Σ
∗Corresponding author; mayg@bnu.edu.cn
with Σ being a smooth spacelike hypersurface, and R be-
ing a preferred time direction following from the usual
requirement of global hyperbolicity, which ensures that
the causal structure of spacetime is sufficiently well be-
haved. The spacetime diffeomorphism invariance of GR
in restored by the diffeomorphism and Hamiltonian con-
straints in the Hamiltonian framework. Thus, different
choices of foliation can be considered as a part of the
gauge freedom of GR.
As a different kind of gravity theories, the so-called
Horˇava-Lifshitz gravity was proposed [12], associated
with a preferred foliation of spacetime. As a consequence,
these theories are only invariant under a subset of space-
time diffeomorphisms, namely those that do not change
the preferred foliation. The remaining invariant group
consists of three-dimensional diffeomorphisms acting in-
dependently on each leaf Σt (labeled by time t) and
space-independent time reparametrizations. The most
general local action of the metric fields which is at most
quadratic in derivatives and invariant under this reduced
symmetry group is not the concise Einstein-Hilbert ac-
tion, but in a rather complicated form [12].
By giving up the space-time covariance, Horˇava-
Lifshitz gravity becomes renormalizable in QFT pertur-
bative quantization [13–15]. However, from the non-
perturbative viewpoint, the LQG quantization method
has not been extend to these theories. It is well
known that the loop quantization highly relies on the
connection-dynamical formalism of the corresponding
gravity theories, while the connection-dynamical formal-
ism of the Horˇava-Lifshitz gravity is still absent. Note
that due to the extremely complicated form of Horˇava-
Lifshitz gravity theories, one usually performs the quan-
tization procedures in some simpler case, for examples,
in lower dimensions [14, 15] or in the symmetry-reduced
case such as the cosmological situations [16].
The low energy limit of Horˇava-Lifshitz gravity, which
is suitable for most astrophysical objects as well as cos-
mological applications [17, 18], can be described by the
2following action
S =
1− β
16πG
∫
dt
∫
Σ
d3xN
√
q
(
KabK
ab − 1 + ν
1− βK
2
+
1
1− βR +
σ
1− β aia
i
)
, (1.1)
where G is gravitational constant, Kab is the extrinsic
curvature of a spatial hypersurface Σ, K ≡ Kabqab, R
denotes the scalar curvature of the 3-metric qab induced
on Σ, ai = ∂i(lnN), β, σ and ν are coupling constants.
The coupling constants must satisfy a series of theoreti-
cal requirements, such as the absence of gradient insta-
bilities and ghosts [19–21], as well as experimental con-
straints, including the absence of vacuum Cherenkov ra-
diation [22], solar system experiments [23, 24], gravita-
tional wave propagation bounds from GW170817 [25, 26],
and cosmological constraints [27–29]. Those constraints
suggest that β and σ are vanishingly small as β ≤ 10−15
and σ ≤ 10−7. However the other coupling constant ν is
relatively unconstrained aside from the stability require-
ments and cosmological bounds [26, 29, 30] such that
0 ≦ ν . 0.01 − 0.1. Therefore, in this paper, we are
going to quantize the four-dimensional simpler model of
gravity by setting β = σ = 0 [26, 31], which is the so-
called λ-R gravity model [32–35]. Thus the action of λ-R
gravity reads [32–35]
S =
1
16πG
∫
dt
∫
Σ
d3x
√
qN(KabK
ab − λK2 +R)
≡
∫
d4xL (1.2)
with the coupling parameter λ ≡ 1 + ν. This theory
serves as the minimal generalization of GR, since action
(1.2) reduces to Einstein-Hilbert action by setting λ = 1.
It was first proposed and investigated in a purely classical
context in Ref. [32]. Though it is simpler, the λ-R gravity
theory shares the same kinetic term and the symmetry of
the Horˇava-Lifshitz gravity. It has been shown in Refs.
[33–35], that the nonprojectable λ-R gravity models are
equivalent to GR in the asymptotically flat case, while
the projectable sector of λ-R gravity is inequivalent to
GR. Thus, we will focus on the projective model of λ-
R gravity model, where the lapse function N is only a
function of time t [34, 35].
This paper is organized as follows: We will present a
detailed Hamiltonian analysis of λ-R gravity to obtain
its connection-dynamical formalism in section II. Then
in section III, the λ-R gravity will be non-perturbatively
quantized by the LQG method based on the connection
dynamics, and the quantum Hamiltonian constraint op-
erator for λ-R gravity will be constructed. In section IV,
the non-rotational dust field will be introduced to de-
parametized the gravitational system, and the physical
Hamiltonian operator will be defined so that the physi-
cal states can be obtained. Our result will be summarized
in the last section. Throughout the paper, we use Latin
alphabet a, b, c, . . . for spatial indices, and i, j, k, · · · for
internal indices.
II. HAMILTONIAN ANALYSIS
Starting from action (1.2), where we set 8πG = 1, by
Legendre transformation, the momentum conjugate to
the dynamical variable qab reads
pab =
∂L
∂q˙ab
=
N
√
q
2
(Kab − λKqab). (2.1)
The Hamiltonian of λ-R gravity can be derived as a liner
combination of constraints [33, 34],
Htotal =
∫
Σ
d3x(NaCa +NC), (2.2)
where the shift vector Na is a vector-valued function on
Σ, the smeared diffeomorphism and Hamiltonian con-
straints read respectively
C(
−→
N ) =
∫
Σ
d3xNaCa ≡
∫
Σ
d3xNa
(−2Db(pab)) , (2.3)
C(N) =
∫
Σ
d3xNC
≡
∫
Σ
d3xN
(
2√
q
(
pabp
ab − λ
3λ− 1p
2
)
− 1
2
√
qR
)
.
(2.4)
The symplectic structure is given by the following non-
trivial Poisson bracket between the canonical variables,
{qab(x), pcd(y)} = δ(ca δd)b δ3(x, y). (2.5)
Since N is a constant on Σ, straightforward calculations
show that the constraints (2.3) and (2.4) comprise a first-
class system as:
{C(−→N ), C(−→N ′)} = C([−→N,−→N ′]), (2.6)
{C(M), C(−→N )} = 0, (2.7)
{C(N), C(M)} = 0. (2.8)
These constraint algebra has the nice property of a Lie
algebra, and the diffeomorphism constraints also nicely
form an ideal. This implies that in the canonical quanti-
zation it is possible to define the Hamiltonian constraint
operator directly on the diffeomorphism invariant Hilbert
space.
To set up the classical foundation of loop quantization,
we can employ the canonical transformation technique
for metric theories of gravity to obtain the connection
dynamical formalism of λ-R gravity. Let
K˜ab = Kab − 1− λ
2
Kqab. (2.9)
Then the conjugate momentum pab of qab could be rewrit-
ten as
pab =
N
√
q
2
(K˜ab − K˜qab). (2.10)
3We define the new geometric variables through
Eai =
√
qeai , K˜
a
i ≡ K˜abejbδij , (2.11)
where eai is the triad on Σ such that qabe
a
i e
b
j = δij . Now
we extend the phase space of the theory to the space
consisting of pairs (Eai , K˜
i
a). It is then easy to see that
the symplectic structure (2.5) can be derived from the
following Poisson brackets:
{K˜ja(x), Ebk(y)} = δbaδjkδ3(x, y), (2.12)
{Eaj (x), Ebk(y)} = 0, (2.13)
{K˜ja(x), K˜kb (y)} = 0. (2.14)
Thus there is a direct symplectic reduction from the ex-
tended phase space to the original one. In this sense
the transformation from conjugate pairs (qab, p
cd) to
(Eai , K˜
j
b ) is canonical. Note that the symmetry of K˜
ab,
i.e. K˜ab = K˜ba, gives rise to an additional constraint in
the extend phase space as:
Gjk ≡ K˜a[jEak] = 0. (2.15)
So we can make a second canonical transformation by
defining [4, 6]:
Aia = Γ
i
a + γK˜
i
a, (2.16)
where Γia is the spin connection determined by the den-
sitized triad Eai , and γ is a nonzero real number which is
usually called as Barbero-Immirzi parameter in the com-
munity of LQG [36]. It is clear that our new variable Aia
coincides with the Ashtekar-Barbero connection of GR
[36, 37] when λ = 1. Therefore our new variable Aia
serves as an extension of the Ashtekar-Barbero connec-
tion for λ-R gravity. The Poisson brackets among the
new variables read:
{Aja(x), Ebk(y)} = γδbaδjkδ(x, y), (2.17)
{Aia(x), Ajb(y)} = 0, (2.18)
{Eaj (x), Ebk(y)} = 0. (2.19)
Now, the phase space of λ-R gravity consists of conjugate
pairs (Aia, E
b
j ). Combining Eq. (2.15) with the compati-
bility condition:
∂aE
a
i + ǫijkΓ
j
aE
ak = 0, (2.20)
we obtain the standard Gaussian constraint
Gi = DaEai ≡ ∂aEai + ǫijkAjaEak, (2.21)
which justifies Aia as an su(2)-connection. Note that, had
we let γ = ±i, the (anti-)self-dual complex connection
formalism would be obtained. The original diffeomor-
phism constraint as well as the Hamiltonian constraint
can be expressed in terms of new variables up to Gaus-
sian constraint as
CλRa =
1
γ
F iabE
b
i = 0, (2.22)
CλR =
∫
Σ
d3x
(
1
2
(
F jab − (1 + γ2)ǫjmnK˜ma K˜nb
) ǫjklEakEbl√
q
+
2− 2λ
1− 3λ
(K˜iaE
a
i )
2
√
q
)
= 0, (2.23)
where F iab ≡ 2∂[aAib] + ǫiklAkaAlb is the curvature of the
su(2)-connection Aia. The total Hamiltonian can be ex-
pressed as a linear combination
Htotal =
∫
Σ
d3x
(
ΛiGi +NaCλRa +NCλR
)
. (2.24)
It is easy to check that the smeared Gaussian con-
straint, G(Λ) := ∫Σ d3xΛi(x)Gi(x), generates SU(2)
gauge transformations on the phase space, while the
smeared constraint V(−→N ) := ∫
Σ
d3xNa(CλRa − AiaGi)
generates spatial diffeomorphism transformations on the
phase space. Together with the Hamiltonian constraint
C(N) = N
∫
Σ
d3xCλR, where N is only a function of t
and therefore keeps a constant in every spatial slice, we
can show that the constraints algebra has the following
form:
{G(Λ),G(Λ′)} = G([Λ,Λ′]), (2.25)
{G(Λ),V(−→N )} = −G(L−→
N
Λ), (2.26)
{G(Λ), C(N)} = 0, (2.27)
{V(−→N ),V(−→N ′)} = V([−→N,−→N ′]), (2.28)
{V(−→N ), C(M)} = 0, (2.29)
{C(N), C(M)} = 0. (2.30)
Hence the constraints are all of first class. To summarize,
the λ-R gravity have been cast into the su(2)-connection
dynamical formalism. It is worth noting that in the LQG
of GR, although the Hamiltonian constraint is well de-
fined in gauge invariant Hilbert spaceHG, it is difficult to
define it directly in the diffeomorphism invariant Hilbert
space HDiff . Moreover, since the constraint algebra of
GR does not form a Lie algebra, the quantum anomaly
might appear after quantization. In contrast, the diffeo-
morphism constraints nicely form an ideal in λ-R gravity.
Therefore the Hamiltonian constraint operator could be
defined directly in HDiff .
III. QUANTIZATION OF λ-R THEORY
Based on the connection dynamical formalism, the
nonperturbative loop quantization procedure can be
straightforwardly extended to the λ-R gravity. The kine-
matical structure of λ-R gravity is just the same as that
4of LQG for GR [5, 6]. The kinematical Hilbert space,
Hkin := Hgrkin, of the λ-R gravity is spanned by the spin-
network basis ψα(A) = |α, j, i〉 over graphs α ⊂ Σ, where
j labels the irreducible representations of SU(2) asso-
ciated to the edges of α and i denotes the intertwin-
ers assigned to the vertices linking the edges. The ba-
sic operators are the quantum analogue of holonomies,
he(A) = P exp
∫
e
Aa, of connections and densitized triads
smeared over 2-surfaces, E(S, f) :=
∫
S
ǫabcE
a
i f
i. Note
that the whole construction is background independent,
and the spatial geometric operators of LQG, such as the
area [38], the volume [39, 40] and the length operators
[41, 42], are still valid here. As in LQG, it is straightfor-
ward to promote the Gaussian constraint G(Λ) to a well-
defined operator [4, 6]. It’s kernel is the internal gauge
invariant Hilbert space HG with gauge invariant spin-
network basis. Moreover the diffeomorphisms of Σ act
covariantly on the cylindrical functions in HG, and hence
the so-called group averaging technique can be employed
to solve the diffeomorphism constraint [5, 6], which gives
rise to the desired gauge and diffeomorphism invariant
Hilbert space HDiff for the λ-R gravity.
The remaining nontrivial task for λ-R gravity is to im-
plement the Hamiltonian constraint (2.23) at quantum
level. In order to compare the Hamiltonian constraint of
λ-R gravity with that of GR in connection formalism, we
write Eq. (2.23) as C(N) =
∑3
i=1 Ci, where the terms
C1, C2 are just the Euclidean and Lorentzian terms in
GR [5, 6] when replacing K˜ia by K
i
a. Hence the differ-
ence comes from the completely new term,
C3 =
∫
Σ
d3x
(2− 2λ)N
1− 3λ
(K˜iaE
a
i )
2
√
q
. (3.1)
This term can be treated by the same regularization tech-
niques developed for the Hamiltonian in the LQG [4].
We may triangulate Σ in adaptation to some graph α
underling a cylindrical function in Hkin and reexpress
connections by holonomies. To this aim, we first note
the following classical identity
K˜ =
∫
Σ
d3xK˜iaE
a
i =
1
γ2
{HE(1), V }, (3.2)
where HE(1) is the Euclidean term and V is the volume
[4]. Therefore, one can further regularize Eq. (3.1) by
the point-splitting method and obtain
C3 = lim
ǫ→0
Cǫ3 = lim
ǫ→0
∫
Σ
d3y
∫
Σ
d3xN
(2− 2λ)
1− 3λ χǫ(x− y)
× K˜
i
a(x)E
a
i (x)√
VUǫx
K˜jb (y)E
b
j (y)√
VUǫy
,
(3.3)
where χǫ(x−y) is the characteristic function of a box U ǫx
containing x with scale ǫ and satisfies the relation
lim
ǫ→0
χǫ(x− y)
ǫ3
= δ3(x− y), (3.4)
and VUǫx denote the volume of U
ǫ
x. Now, we triangulate
Σ into elementary tetrahedra ∆ with scale ǫ, and denote
the triangulation by T . For each ∆, we single out one
of its vertices, and call it v(∆). Then, as ∆→ v(∆), we
have∫
∆
d3x
K˜ia(x)E
a
i (x)√
VUǫx
≈ 2
γ2
{
HE∆ ,
√
VUǫ
v(∆)
}
, (3.5)
where
HE∆ =
2
3γ
ǫIJKTr
(
hαIJ (∆)hsK(∆)
{
h−1
sK(∆)
, VUǫv
})
.
(3.6)
Here sI(∆), I = 1, 2, 3, denote the three edges of ∆ inci-
dent at v(∆), (I, J,K) ∈ {(1, 2, 3), (2, 3, 1), (3, 1, 2)} such
that the triple (sI(∆), sJ (∆), sK(∆)) has positive orien-
tation induced by Σ, and αIJ(∆) := sI(∆) ◦ aIJ (∆) ◦
sJ(∆) is the loop based at v(∆) with aIJ(∆) being the
edge of ∆ connecting those endpoints of sI(∆) and sJ(∆)
which are distinct from v(∆). Thus Cǫ3 in Eq. (3.3) can
be expressed as
Cǫ3 =
4
γ4
(2 − 2λ)N
1− 3λ
∑
∆,∆′∈T
χǫ(v(∆) − v(∆′))
×
{
HE∆ ,
√
VUǫ
v(∆)
}{
HE∆′ ,
√
VUǫ
v(∆′)
}
. (3.7)
Note that all the terms in (3.7) including the Euclidean
term HE∆ and volume VUǫv(∆) could be promoted as well-
defined operators in the gauge-invariant Hilbert space
HG. Furthermore, for a given graph α, one constructs
a triangulation T (α) of Σ adapted to α [4]. Notice that
the volume operator acts only at vertices of α, and for suf-
ficiently small ǫ the function χǫ(v(∆), v(∆
′)) = 0 unless
v(∆) = v(∆′). Thus (3.7) can also be promoted as a well-
defined regularized operator acting on any ψα(A) ∈ HG
as:
Cˆǫ3 ψα(A) =
4N
γ4(i~)2
(2 − 2λ)
1− 3λ
∑
v∈V (α)
82
E(v)2
×
∑
v(∆)=v(∆′)=v
[
HˆE∆ ,
√
Vˆv
]
×
[
HˆE∆′ ,
√
Vˆv
]
ψα(A), (3.8)
where the first summation is over the vertices v of α,
the second summation is over ∆ with v(∆) = v, E(v) =(
n(v)
3
)
is the possible choices of triples for a vertex v
with n(v) edges, and
HˆE∆ :=
2
3i~γ
ǫIJKTr
(
hˆαIJ (∆)hˆsK(∆)[hˆ
−1
sK(∆)
, Vˆv]
)
. (3.9)
In LQG of GR, because the diffeomorphism-invariant
Hilbert space HDiff is not preserved by the Hamilto-
nian constraint operator, the Hamiltonian operator can
5only be well defined in HG rather than HDiff . However,
in λ-R gravity, since the lapse N is a constant, HDiff
would be preserved by the Hamiltonian constraint op-
erator, and hence we can further define the Hamiltonian
operator inHDiff . Note that a diffeomorphism-invariant
state can be produced from a state ψα(A) ∈ HG by the
group averaging method as [4–6]
PˆDiffαψα(A) :=
1
nα
∑
ϕ∈GSα
Uˆϕψα(A), (3.10)
where the operator Uˆϕ denotes the finite diffeomorphism
ϕ : Σ→ Σ, GSα = Diffα/TDiffα is the group of graph
symmetries with Diffα being the group of all diffeomor-
phisms preserving the graph α, TDiffα is its subgroup
which has trivial action on α, and nα is the number of
the elements in GSα.
Since the regularized operator Cˆǫ3 with different value
of ǫ are diffeomorphic to each other, we can naturally
define the action of the limit operator Cˆ3 = limǫ→0 Cˆǫ3
on the diffeomorphism-invariant state as
Cˆ3PˆDiffαψα(A) := lim
ǫ→0
1
nα(ǫ)
∑
ϕ∈GSα(ǫ)
UˆϕCˆǫ3ψα(A),
(3.11)
where α(ǫ) represents the new graphs produced by the
action of Cˆǫ3 on α. Note that Eq. (3.11) does not depend
on ǫ, since all the graphs α(ǫ) are diffeomorphism equiv-
alent to each other. Similar to the definition of Cˆ3, it
is straightforward to define the whole Hamiltonian con-
straint operator Cˆ(N) in HDiff as
Cˆ(N)PˆDiffαψα(A) := lim
ǫ→0
1
nα(ǫ)
∑
ϕ∈GSα(ǫ)
∑
i=1,2,3
Uˆϕ
× Cˆǫi ψα(A), (3.12)
with
Cˆǫ1 = N
∑
v∈V (α)
8
E(v)
∑
v(∆)=v
HˆE∆ , (3.13)
Cˆǫ2 = −
4N(1 + γ2)
3(i~γ)3
∑
v∈V (α)
8
E(v)
∑
v(∆)=v
ǫIJK
× Tr
(
hˆsI (∆)[hˆ
−1
sI(∆)
, ˆ˜Kv]hˆsJ (∆)[hˆ
−1
sJ (∆)
, ˆ˜Kv]
× hˆsK(∆)[hˆ−1sK(∆), Vˆv]
)
, (3.14)
where ˆ˜Kv :=
1
i~γ2
[HˆEv , Vˆv] with Hˆ
E
v :=
∑
v(∆)=v Hˆ
E
∆ .
Note that, to have a well-defined adjoint operator of
Cˆ(N) [43], we used the freedom of choosing the spin rep-
resentations attached to each new added loop in (3.12)
to ensure that the valence of any vertex would not be
changed by the action of Cˆ(N).
IV. DEPARAMETRIZED THEORY
To overcome the time problem in quantum gravity [11],
one can take the viewpoint of relational evolution and
employ the deparametrization technique [44–47]. This al-
lows one to map the totally constrainted theory of canon-
ical GR into a theory with a true nonvanishing Hamilto-
nian with respect to some chosen dynamical (emergent)
time variable. The deparametrization can be achieved
at the classical level as well as the quantum level. The
combination of LQG with the deparametrization frame-
work makes it possible to solve the quantum Hamilto-
nian constraint. The aim of this section is to apply the
deparametrization framework to loop quantum λ-R grav-
ity.
Now we introduce the non-rotational dust model which
was widely used in LQG literatures [48–51] to de-
parametrize the λ-R gravity. In the standard ADM for-
malism, the diffeomorphism and Hamiltonian constraints
of the coupled system read respectively
Ca(x) = C
λR
a (x) + π(x)T,a(x) = 0, (4.1)
Ctotal =
∫
d3x
(
CλR
+
1
2
(
π2
M
√
q
+M
√
q
(
1 + qabT,aT,b
)))
= 0,
(4.2)
where T (x) is the configuration variable of the non-
rotational dust, π is the conjugate momentum of T , and
M is the rest mass of the dust field. The merit of this
model is that one could naturally choose the time gauge
t = T [48, 50], such that T˙ = 1 and ∂aT = 0. Moreover,
by requiring that the condition t = T is preserved un-
der time evolution, the value of the lapse function can be
fixed to N = 1 while no restriction is placed on the shift
vector Na [48, 50]. This treatment coincides with that of
the λ-R gravity which we are considering. Under these
assumptions, the momentum of the dust field becomes
[48, 50, 51]
π = M
√
q. (4.3)
Substituting (4.3) into (4.2), one obtains
Ctotal =
∫
d3x(π(x) + h(x))
:=
∫
d3x
(
π(x) + CλR(x)
)
= 0. (4.4)
Hence one can define a physical Hamiltonian hphy =∫
d3xh(x) which generates the evolution of the system
with respect the dynamical ”time” T .
In the quantum theory, one would expect to imple-
ment the constraint corresponding to (4.4) through a
Schrodinger-like equation
i~
∂
∂T
Φ(A, T ) = hˆphyΦ(A, T ) (4.5)
6for certain quantum states Φ(A, T ). Since loop quantum
λ-R gravity has been constructed in previous sections
and the gravitational Hamiltonian constraint Cˆ(1) is well
defined by (3.12) on any diffeomorphism-invariant state
Φ[α](A) = PˆDiffαψα(A) ∈ HDiff , it is convenient to
define the physical Hamiltonian operator hˆphy as a self-
adjoint extension of the symmetric operator 12 (Cˆ(1) +
Cˆ(1)†). Then the general solutions to Eq. (4.5) read
Φ[α′](A, T ) = e
− i
~
hˆphyTΦ[α](A), (4.6)
with an arbitrary given Φ[α](A) ∈ HDiff . Thus, the
physical Hilbert space of the coupled system is unitarily
isomorphic to HDiff .
V. CONCLUSION
In the previous sections, a detailed construction of
connection-dynamical formalism of λ-R gravity with real
su(2)-connections as configuration variables was per-
formed. In contrast to GR, the constraint algebra of λ-R
gravity forms a Lie algebra, and the Hamiltonian (2.23)
possess an extra term which would vanish for λ = 1.
This classical connection-dynamical formalism enables us
to extend the scheme of non-perturbative loop quantum
gravity to the λ-R theories of gravity. While the quantum
kinematical framework is the same as that for GR, the
Hamiltonian constraint of loop quantum λ-R gravity has
been rigorously constructed as a well-defined operator in
the diffeopmorphism-invariant Hilbert space.
In order to realize physical time evolution in the ab-
sence of a fixed background spacetime geometry and as-
sign a physical Hamiltonian which dictates the dynam-
ics of the gravitational field, the non-rotational dust was
introduced to deparametrize the λ-R gravity. It was
shown that a physical Hamiltonian operator with respect
to the dust as a relational time could be defined in the
diffeomorphism-invariant Hilbert space. As a result, the
quantum dynamics of the coupled system is dictated by
a Schrodinger-like equation. For an arbitrary given ini-
tial diffeomorphism-invariant state, the physical quan-
tum Hamiltonian operator would generate and thus com-
pletely determine the forthcoming quantum state with re-
spect to the dust “time”. Moreover, the physical states
we obtained satisfy all the constraints, and the physi-
cal Hilbert space of the coupled system is unitarily iso-
morphic to the diffeomorphism-invariant Hilbert space
of λ-R gravity. Therefore, we obtained a quantum the-
ory of gravity in which the Dirac algorithm of canonical
quantization for a totally constrained system could be
completely realized.
There are of course a few issues that deserves further
investigating in our loop quantum λ-R theories of gravity.
First, it is interesting to study some symmetry-reduced
models of our loop quantum λ-R gravity, which might tell
us more physical properties of the quantum λ-R gravity.
Second, how to extend LQG to the non-projective ver-
sion of λ-R gravity is an interesting issue. Third, if our
result could be generalized to the general Horˇava-Lifshitz
gravity, it would be helpful to get a better understanding
on the quantum gravity without Lorentz invariance.
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